Abstract. Given a fusion category C and an indecomposable C-module category M, the fusion category C * M of C-module endofunctors of M is called the (Morita) dual fusion category of C with respect to M. We describe tensor functors between two arbitrary duals C * M and D * N in terms of data associated to C and D. We apply the results to G-equivariantizations of fusion categories and group-theoretical fusion categories. We propose a categorication of the Rosenberg-Zelinsky sequence for fusion category.
The set of isomorphism classes of invertible objects of a fusion category C forms a group with multiplication induced by the tensor product that we will denote by Inv(C). A fusion category is called pointed if all its simple objects are multiplicatively invertible. A pointed fusion category C is equivalent to Vec ω G , that is, the category of G-graded finite dimensional vector spaces, where G = Inv(C) and the associativity constraint is given by a 3-cocycle ω ∈ H 3 (G, k * ).
A very useful technique for the characterization of fusion categories is the categorical Morita equivalence, see the survey [25] . Given a fusion category C and an indecomposable left Cmodule category M the fusion category C * M := End C (M) is called the (Morita/categorical) dual of C respect to M. Important constructions in fusion category theory such as the Drinfeld's center and G-equivariantization of fusion categories can be seen as special cases of categorical duality. Also, fundamental examples of fusion categories, as group-theoretical [8] , [27] and weakly group-theoretical fusion categories [9] , are defined using categorical duality.
The 2-category of pointed fusion categories has a very simple and concrete description using group cohomology and group homomorphism. However, even for the 2-category of group-theoretical fusion categories (Morita duals of pointed fusion categories) the description in group-theoretical terms is not known
2. The goal of this paper is to describe the functors between two arbitrary duals C * M and D * N in terms of data associated to C and D and apply the results to group-theoretical fusion categories and equivariantizations.
To do so, first we introduce the category Funct whose objects are pairs (C, M), where C is a fusion category and M is an indecomposable left C-module category, and arrows from (C, M) to (D, N ) are equivalence classes of monoidal functors from C * M to D * N . The composition of arrows is the equivalence class of the usual composition of monoidal functors.
With the notation above, the description of functors between group-theoretical fusion categories is equivalent to describe the subcategory of Funct whose objects are the pairs (C, M), with C a pointed fusion category [27] . Using [24, Proposition 3.2] the description of tensor functor between equivariantization of fusion categories (see Section 7.5.1) is equivalent to describe the subcategory of Funct whose objects are the pairs (C ⋊ G, C), where C ⋊ G is a semidirect product fusion category.
3. In order to describe Funct in terms of data associated to C and D, we introduce the category Cor (see Section 2 for the definitions of module category, bimodule category, tensor product of module categories, etc): (1) An Object is a pair (C, M), where C is a fusion category and M is an indecomposable left C-module category. If (S, α) ∈ Cor((C, M), (D, N )) and (P, β) ∈ Cor((D, N ), (K, T )) are arrows, the composition is (S, α) ⊙ (P, β) = (S ⊠ D P, α ⊙ β) ∈ Cor((C, M), (K, T )), where α ⊙ β is given by the commutativity of the following diagram
Our first main result is an explicit description of tensor functor between categorical duals in terms of Cor. 4. Let C be a fusion category. The group of equivalence classes of invertible C-bimodule categories is called the Brauer-Picard group and is denoted BrPic(C). The Brauer-Picard group of a fusion category is the fundamental group of a categorical 2-group denoted as BrPic that parameterizes the extensions of a fusion category C by finite groups, see [10] . Then, an interesting problem is to calculate explicitly the Brauer-Picard group of some concrete fusion categories, some results of this type were obtained in [10] , [16] , [21] , [26] .
Our second main result is a pair of applications of Theorem 1.1 to the Brauer-Picard group of a fusion category.
4.1
The first is a categorification of the Rosenberg-Zelinsky exact sequence. Let C be a fusion category and consider the abelian group of (isomorphism classes of) invertible objects Inv(Z(C)) of the Drinfeld's center Z(C) of C. For every C-module category M we have a group homomorphism
The following sequences are exact:
For the case M = C op the exact sequences of Theorem 1.3 can be rewritten as follows:
where π(σ) = C σ . By C σ we denote the C-bimodule equals to C as left C-module and with right action given by the right multiplication twisted by the tensor autoequivalence σ of C. The image of π is denoted by Out ⊗ (C) and is called the group of tensor outer-autoequivalences of C, see [13] .
In case that C admits a braided structure the sequence is just an inclusion Aut ⊗ (C) ֒→ BrPic(C), see Corollary 6.1.
4.2
Since Out ⊗ (C) is a subgroup of BrPic(C), thus BrPic(C) is a Out ⊗ (C)-biset with right action M · σ = M σ and left action σ · M = σ * M, where σ * is a quasi-inverse of σ, see Subsection 6.2.
We define T (C) as the set of equivalence classes of right C-module categories M such that C ∼ = C * M as fusion categories. Note that the sets Out ⊗ (C) \ BrPic(C) and T (C) are right BrPic(C)-sets in a natural way.
By [10, Proposition 4.2] we have a map
given by forgetting the left C-module structure. This map factorize by the left action of Out ⊗ (C), so we have a map
The map U induces a bijective map
(that is, we fix a C-bimodule invertible structure over each M i ) then {M i } i∈I ⊂ BrPic(C) is a set of representatives of the double cosets of Out ⊗ (C) in BrPic(C).
As an application of Theorem 1.4 we compute the Brauer-Picard group of some TamabaraYamagami and pointed fusion category with non-trivial associator.
Also we present an algorithmic procedure to reduce the calculation of the Brauer-Picard group to compute Out ⊗ (C) and some extra data that can be obtained using only a set of representative of T (C)/ Out ⊗ (C), see Section 6.2.1.
5.
In the remainder of the paper we focus in equivariantizations of fusion categories and group-theoretical fusion categories. We provide a description of the possible tensor equivalence between equivariantizations of fusion categories. We also describe invertible bimodule categories and their tensor products over arbitrary pointed fusion categories. Our aim is to provide all necessary ingredients for the application of Theorem 1.1 to any concrete example of group-theoretical fusion categories.
6. The paper is organized as follows: In Section 2 we discuss preliminaries about module and bimodule categories over fusion categories. In Section 3 we recall some important tensor equivalences related with some dual categories and the module structure induced by a tensor functor. In Section 4 we state and prove some lemmas in order to give a complete proof of the main result of this paper. In Section 5 we give a characterization of the tensor equivalences between dual categories in terms of certain data and we also focus on the study of tensor functors between equivariantizations of fusion categories. In particular we give a description of tensor equivalences of Drinfeld's centers of pointed fusion categories and we give an alternative proof for the classification of isocategorical groups. In Section 6 we show the exactness of the Rosenberg-Zelinsky sequence and we also give a proof of Theorem 1.4. In Section 7 we recall some notions of the theory of G-sets and we study module categories over pointed module categories and their tensor products to describe tensor functors between group-theoretical fusion categories. In Appendix 8 we give an explicit description of the 2-category of module categories over a pointed fusion category and some alternative proofs to some well known results of group-theoretical fusion categories.
Preliminaries

2.1.
Modules categories and Morita equivalence. Let C be a fusion category over k. A module category over C is a semisimple category M together with a biexact functor ⊗ : C × M → M satisfying natural associativity and unit axioms. See [28] for more details.
A module category M over C is called indecomposable if it is not equivalent to a nontrivial direct sum of module categories.
Let M and N be left (respectively, right) module categories over C. We will denote by Fun C (.M, .N ) (respectively, Fun C (M., N .)) the category whose objects are C-module functors from M to N and whose morphisms are natural module transformations between these functors. If it is necessary we will use dots in order to specify if the category of functors is with respect to a left or a right structure. In the particular case when M = N , we will use the notation End C (.M) := Fun C (.M, .M). It follows from [8 
Let A be an abelian category and let M, N be left and right (strict) C-module categories, respectively. In [10] the tensor product M ⊠ C N of C-bimodule categories M and N was defined. We recall some properties from [10] related to the tensor product of module categories. 
The Brauer-Picard group BrPic(C) of a fusion category C is the set of equivalence classes of invertible C-bimodule categories with product by ⊠ C [10] .
Morita equivalence of fusion categories revised
Let S be a (C, D)-bimodule category and X be an object in C. The left multiplication by X gives rise to a right D-module endofunctor of S that we will denote L(X). Thus we have a tensor functor Let M be a left C-module category. We will consider M as a left End C (M)-module category with action given by
We denote by M r (C) the 2-category of right C-module categories and by M l (End C (M)) the 2-category of left End C (M)-module categories.
We define the 2-functor R :
Notice that Fun End C (M) (M, S) is indeed a right C-module category because the left actions of C and End C (M) commute, and the right action is given by
We also define the 2-functor L :
for all N ∈ M r (C). Since the left actions of C and 
Proof. The 2-functors L and R introduced above are adjoint 2-functors. The unit of the adjunction is the natural 2-transformation η : id
and the counit of the adjunction is the natural 2-transformation ε :
Etingof and Ostrik proved that the 2-functor R is an equivalence of 2-categories [11] . Therefore, its left adjoint L is also an equivalence of 2-categories and the unit η and the counit ε of the adjunction are equivalences of module categories.
An important fact used in the proof of Theorem 3.1 is that the 2-functor R is an equivalence of 2-categories [11] . Some useful results follow from it.
Remark 3.2. (1) Looking at the equivalence R for morphisms we get that for each S ∈ M l (End C (M)) there is a canonical tensor equivalence
(2) If we fix a right C-module category N , the 2-functor
defines a 2-equivalence between the 2-category M r (C) and the 2-category M l (End C (M)).
In particular, we have a canonical tensor equivalence
3.1. Duality between tensor functors. In this subsection we collect some definitions and results from [8] that will be useful later. Let C and D be fusion categories and (F, F 0 ) : C → D be a tensor functor between them. Any D-module category (M, ⊗, α) has also a C-module structure induced by the tensor functor
There is also an associated dual tensor functor
Remark 3.3. Let F 1 , F 2 : C → D be tensor functors and let θ :
Now, we introduce a tensor equivalence between dual categories that will be useful later. 
defines a tensor equivalence, with structural natural isomorphism Proof.
Cor. An straightforward calculation shows that the relation described above between the arrows is reflexive and symmetric.
The relation is also transitive and, therefore, it is an equivalence relation.
Now, we will show that the composition is well defined. Let (S, α) and (S ′ , α ′ ) be arrows
Cor related by the pair (φ, a). Let (P, β) and (P ′ , β ′ ) be arrows from (D, N ) to (K, T ) in Cor related by the pair (ϕ, b). Remember that the notation M ⊠ C N ⊠ D K will yield no ambiguity, see Remark 2.1. Then we may assume that the associativity 1-isomorphism is the identity.
We want to see that (S,
In a similar way, it is possible to show that (S, α)⊙(P, t) = (S⊠ D P, α⊙t) and (S,
Then the composition of arrows is a well defined operation and Cor is a category. Now, we will prove that the composition is associative. Let (S, α) :
We have that:
as we wanted.
We may assume without lost of generality that every fusion category and every module category are simultaneously strict [12 
is a (C, D)-bimodule category with left C-action given by
and right D-action given by
For both actions the associativity morphisms are induced by the associativity constraint of the fusion categories acting on S F . Then, since we have assumed that the fusion categories are strict it follows that S F is a right and left strict module category over D and C, respectively. We begin checking that the right and left operations defined above are actually a right D-action and a left C-action on S F . Notice that if X ∈ C and G ∈ S F then X ⊙ G is also in
It is clear that the unit of C is well behaved with respect to ⊙. In a similar way it can be showed that in the remainder case the operation is a right D-action on S F .
It is easy to see that these actions are compatible. In other words, the category S F is a (C, D)-bimodule category.
By Theorem 3.1 the evaluation functor
is an equivalence of left C-module categories. Then we define
The pair (S F , ε) does not depend on the equivalence class of F , that is, if G : End D (.N ) → End C (.M) is a monoidal functor equivalent to F then the arrows (S F , ε) and (S G , ε) are related in Cor. In fact, it follows from Remark 3.3 (1) that the equivalence F ∼ = G induces an equivalence M F ∼ = M G . Therefore, S F and S G are equivalent as (C, D)-bimodules categories.
The equivalence is given by the identity functor equipped with some natural isomorphism and
In this way, we have defined an assignation K that sends an arrow F ∈ Funct((D, N ), (C, M)) to an arrow (S F , ε) ∈ Cor((C, M), (D, N ) ). Also we can set K((C, M)) := (C, M) ∈ Cor, for an object (C, M) ∈ Funct. The following lemma shows that K : Funct → Cor is in fact a contravariant functor.
Consider the corresponding objects in Cor associated to these three functors by K,
The composition induces a (Q, D)-bimodule functor
The commutativity of the diagram
implies that φ ⊠ D N is an equivalence, since the evaluation maps ε are equivalences, see Theorem 3.1. It follows from the proof of Theorem 3.1 that the functor L = (−) ⊠ D N defines an equivalence of 2-categories. Then, φ is an equivalence of (Q, D)-bimodule categories. Thus, K(G•F ) and K(G) ⊙ K(F ) are related arrows in Cor by the pair (φ : S G ⊠ C S F → S G•F , ε). Therefore K is a contravariant functor, as we asserted. Proof. Given (S, α) ∈ Cor((C, M), (D, N )), there is a functor associated to it (in a similar way as in Subsection 3):
L : C → End D (S.) By the equivalence (3.1), we can regard it as a functor
Now, using the functor ad α introduced in Definition 3.4, we define the functor
We can give an explicit description of the correspondence as follows. Given (S, α) ∈ Cor((C, M), (D, N )), the tensor functor associated is
Note that by construction these two assignations are mutually inverse. Now we will see that K −1 is well defined. If we have to equivalent arrows (S, α) and (S ′ , α ′ ) related by the pair (φ, a), then the diagram of tensor functors
commutes up to a natural tensor isomorphism. Since ad φ⊠ D N is a tensor equivalence, the tensor functors associated to (S, α) and (S ′ , α, ) are tensor isomorphic, and K −1 is well defined.
Recall that a functor is an equivalence if and only it is faithful, full and essentially surjective [20, Theorem 1, p.91]. The functor K is essentially surjective by definition and faithful and full by Lemma 4.3. Then K is an equivalence of categories. The previous discussion gives a proof of Theorem 1.1.
Tensor equivalences between equivariantizations of fusion categories
Let D be a fusion category and N be a left D-module category. Our first goal is to describe only in terms of data associated to D and N all possible pairs (C, M) ∈ Funct such that C * M ∼ = D * N as fusion categories. The next proposition gives necessary and sufficient condition in terms of the data of Cor to say when a functor between categorical duals is a tensor equivalence.
Proof. If F is an equivalence and we denote by F * a quasi-inverse, we have that K(F • F * ) = K(id End C (M) ). Then, the functoriality of K implies that S F ⊠ C S F −1 ∼ = C as bimodule categories. Thus, by [10, Proposition 4.2], S F is an invertible (C, D)-bimodule category.
Conversely, if S F is invertible the functor L, defined in the proof of Lemma 4.3, is an equivalence and then
Let (D, N ) be an object in the category Funct and S be an indecomposable right D-module category. We will call data to a triple (D, N , S) as above.
We can associate canonically to these data an equivalent object in Funct to (D, N ) . 
H op -module categories. 5.1. Functors between equivariantizations of fusion categories.
Equivariant fusion categories.
Let M be a category (respectively C a monoidal category). We will denote by Aut(M) (respectively Aut ⊗ (C)) the monoidal category where objects are auto-equivalences of M (respectively tensor auto-equivalence of C), arrows are natural isomorphisms (respectively tensor natural isomorphisms) and tensor product the composition of functors.
An action of the group G over M (respectively C) is a monoidal functor * : G → Aut(M) (respectively * : G → Aut ⊗ (C)), where G denote the discrete monoidal category where objects are elements of G and tensor product given by the product of G.
Let G be a group acting on M (respectively C) with action * : G → Aut(M) (respectively * : G → Aut ⊗ (C)), so we have the following data • functors σ * : M → M (respectively, tensor functor σ * : C → C), for each σ ∈ G, • natural isomorphism (respectively natural tensor isomorphisms) φ(σ, τ ) : (στ ) * → σ * • τ * , for all σ, τ ∈ G.
Example 5.4. Let G be a finite group. An action of G on a category M is exactly the same as a Vec G -module structure over M (see Appendix). Let G and F be finite groups. Given ω ∈ Z 3 (F, k * ), an action of G on Vec ω F is defined by a homomorphism * : G → Aut(F ) and maps
for all a, b, c ∈ F, σ, τ, ρ ∈ G. The action is defined as follows: for each σ ∈ G, the associated tensor functor is σ * (k a ) := k σ * (a) , ψ(σ) a,b = γ(σ; a, b) id k ab and for each pair σ, τ ∈ G, a ∈ F , the tensor natural isomorphism is φ(σ, τ ) ka = µ(σ, τ ; a) id ka .
Given an action * : G → Aut ⊗ (C) of G on C, the G-equivariantization of C is the category denoted by C G and defined as follows. An object in C G is a pair (V, f ), where V is an object of M and f is a family of isomorphisms f σ : σ * (V ) → V , σ ∈ G, such that
Note that for the definition of C G is not necessary a monoidal structure over C. If the category C is a fusion category and the action of G is by tensor autoequivalences * : G → Aut ⊗ (C), then we have natural isomorphisms
for all σ ∈ G, V, W ∈ C. Thus C G is a fusion category with tensor product defined by
V,W , and unit object (1, id 1 ). 
5.2.
The semi-direct product and their module categories. Given an action * : G → Aut ⊗ (C) of G on C, another fusion category associated to it is the semi-direct product fusion category, denoted by C ⋊ G and defined as follows. As an abelian category C ⋊ G = σ∈G C σ , where C σ = C as an abelian category, the tensor product is
and the unit object is [1, e] . See [30] for the associativity constraint. Now, we will recall the notion of equivariant module categories [9] . We will use the approach given in [12] .
Let G be a group and C be a tensor category equipped with an action * of G. Let M be a module category over C. For any σ ∈ G, we will denote by M σ the module category M σ * . If σ ∈ G, we will say that an endofunctor T : M → M is σ-invariant if it has a C-module functor structure (T, c) : 
for all X ∈ C, M ∈ M. Thus, the monoidal category of all σ-invariant endofunctors of M for some σ ∈ G, denoted by Aut G C (M), is a G-graded monoidal category. Definition 5.6. A G-equivariant C-module category is a C-module category M equipped with a G-graded monoidal functor ( * , µ) :
Example 5.7. A fusion category C is a G-equivariant module category over itself. Set Φ(σ) = (σ * , ψ(σ)) and µ σ,τ = φ(σ, τ ), for all σ, τ ∈ G.
Given a G-equivariant C-module category S we define the fusion category End G C (S) of Gequivariant C-endofunctor of S as follows: objects are pairs (L, η), where L : S → S is a C-module endofunctor and η(σ) :
for all σ, τ ∈ G, X ∈ C. The arrows and composition in End G C (S) are defined in the obvious way. 
Corollary 5.9. Tensor functors between equivariantizations of fusion categories under the action of a group are in correspondence with the arrows of the subcategory of Cor whose objects are of the form (C ⋊ G, C), where G is a group acting on a fusion category C.
Let G be a finite group and C be a fusion category. We will say that C is G-graded if there is a decomposition C = ⊕ x∈G C x of C into a direct sum of full abelian subcategories such that the bifunctor ⊗ maps C σ × C x to C σx , for all σ, x ∈ G. See [8] for more details.
Before presenting the main result of this section, we need a technical lemma.
Lemma 5.10. [14, Corollary 6.4] Let G be a finite group and C = σ∈G C σ be a G-graded fusion category. Let M be an indecomposable C-module category which remains indecomposable over the fusion subcategory C e . Then every C g has an invertible object and
Theorem 5.11. Let C be a fusion category, G and H be finite groups and * : G → Aut ⊗ (C) be an action.
(1) Let S be an indecomposable G-equivariant C-module category and let
is an H-equivariantization, and End G C (S) e H ∼ = C G as fusion categories.
(2) Conversely, for every fusion category of the form D H tensor equivalent to C G , there exists a G-equivarient C-module category S and a faithfull H op -grading in End
Proof. Since S G is an invertible (C G , End G C (S))-bimodule category the left action defines a tensor equivalence L : 
Using the bimodule category structure we have a tensor equivalence R :
5.3.1. Isocategorical groups. Two finite groups G and H are called isocategorical if their categories of representations are tensor equivalent [7] . We finish this section with a reformulation of the classification of isocategorical group, see [7] , [3] , [17] . Using Theorem 5.2 we can give an alternative proof to the classification of isocategorical groups. Let G be a finite group. Consider G acting trivially on Vec, then Rep G = (Vec) G and G-equivariant Vec-module categories are the same as Vec G -module categories (see Appendix). In this subsection we will follow the notation of the Appendix.
We apply Theorem 5.2 to the case that D = Vec. Let M be a Vec G -module category. Since extensions of Vec are pointed fusion categories, the Vec G -module category M must be pointed (see Subsection 8.2) with M G ∼ = Vec, so M G must have rank one.
By [22, Theorem 3.4 ] (see also Proposition 8.5) the pointed module categories over Vec G are in correspondence with pairs (A, ψ), where A is a normal abelian group and M(X, µ) ), by [27, Proposition 3.1] (see also Corollary M(X, µ) G ) the simple object are in correspondence with ψ-projective representation of A. So the rank one condition of M(X, µ) G is equivalent to the non-degeneracy of ψ, that is, k ψ [A] is a simple algebra.
Then, by Theorem 5.2, every group H such that Rep(H) ∼ = Rep(G) as fusion categories can be constructed as Aut Vec G (M(A, ψ) ) (see Subsection 8.2), where A is a normal abelian subgroup of G and ψ ∈ H 2 (A, k * ) is a non-degenerated Ad G -invariant cohomology class. This is a restatement of the main result of [7] and [3] . 6 . Applications to the Brauer-Picard group 6.1. Proof of Theorem 1.3. By Theorem 1.1 we have the following group exact sequences:
where
In order to describe the kernel of Ω let consider the abelian group of (isomorphism classes of) invertible objects Inv(Z(C)) of the Drinfeld center Z(C) of C. For every C-module category M we have a group homomorphism
If we define PGL C (M) := coker(s), then we have the first exact sequence
Since Ω is surjective, if we prove that ker(Ω) = Im(s) then Im(conj M ) ∼ = PGL C (M), and we have the second exact sequence
Let cheek that ker(Ω) = Im(s). By definition Ω(F ) = id (C,M) if there is an invertible C-bimodule functor φ : C → C such that φ ⊠ C M is isomorphic to Id C ⊠ C F ∼ = F as Cmodule functors. But, every invertible C-bimodule functor has the form X ⊗ (−) for a unique X ∈ Inv(Z(C)), then φ ⊠ C M ∼ = s X , and so F ∈ ker(Ω) if and only if there is X ∈ Inv(Z(C)) such that F ∼ = s X , that is ker(Ω) = Im(s). Proof. Since C is braided the map s is surjective. Then, the exact sequences given by Theorem 1.3 can be written as follows:
obtaining the desired inclusion.
We now recall the definition of the group Out ⊗ (C). There are two equivalent realizations of Out ⊗ (C), one of the presentations is obtain regarding Out ⊗ (C) as the subgroup of BrPic(C) whose objects are equivalence classes of quasi-trivial C-bimodule categories, that is C-bimodules categories equivalent to C as left C-module categories [10, Subsection 4.3] . The other realization is given by considering Out ⊗ (C) as the group of equivalence classes of tensor autoequivalences of C up to pseudonatural isomorphisms [13, Subsection 3.1].
Remark 6.2. The Rosenberg-Zelinsky sequence in the case that M = C op has the form
where π(σ) = C σ . By C σ we denote the quasi-trivial C-bimodule equals to C as left C-module and with right action given by the right multiplication twisted by the tensor autoequivalence σ of C. The image of π is exactly the group Out ⊗ (C) described above. Indeed, for this particular case the exact sequences of Theorem 1.3 can be rewritten as follows:
Example 6.3. Let G be a finite group. Given f ∈ Z n (G, k × ) and θ ∈ Aut(G), we will denote by f θ the n-cocycle in G defined by
This rule defines an action of Aut(G) on H * (G, k × ). Moreover this action factors trough Inn(G) giving rise to an action of Out(G).
Note that the exact sequence (6.1) splits if there is a Stab 
The first exact sequence of Remark 6.2 implies that Inn(Vec
Therefore the second exact sequence of Remark 6.2 can be rewritten as:
Remark 6.4.
• In general, Z(G) ω Z(G). For example, when G is an abelian group and Z(Vec ω G ) is not pointed.
• If ω = 1, then the exact sequence (6.2) implies that Out
Example 6.5. Let C = T Y(A, χ, τ ) be the Tambara-Yamagami category associated to a finite (necessarily abelian) group A, a symmetric non-degenerate bicharacter χ : A × A → k * and an element τ ∈ k satisfying |A|τ 2 = 1, see [29] . Since
6.2. Proof of Theorem 1.4. Let C be a fusion category and σ : C → C be a tensor functors. If M is a C-bimodule category the functors given by forgetting the left C-module structure. This map factorizes by the left action of the subgroup Out ⊗ (C), so we have a map
Note that the sets Out ⊗ (C) \ BrPic(C) and T (C) are right BrPic(C)-sets in a natural way, and U is a map of transitive BrPic(C)-sets. Therefore U is bijective. The theorem is a direct consequence of the bijectivity of U . 6.2.1. Generalized crossed product for groups. Let G be a group and F ⊆ G be a subgroup. Ones a set Q of simultaneous representatives of the left and right cosets of F in G is fix, the group G can be described as a generalized crossed product as follows. The uniqueness of the factorization G = F Q implies that there are well defined maps
determined by the conditions
The set F × Q with the product
is a group that we will denote by F #
Remark 6.6. (1) Let G be a finite groups and F ⊂ G be a subgroup. Let us recall how to construct a set of simultaneous representatives of the left and right cosets. First, let fix a set of representatives Q of the double cosets of F in G. For x ∈ Q let {s j : j ∈ J x } be a set of representatives of the left cosets of F ∩xF x −1 and {t j |j ∈ J x } be a set of representatives of the right cosets of Example 6.7.
(1) A finite group is called semisimple if its solvable radical is trivial. Every semisimple group has no non-trivial abelian normal subgroup (and the converse also is true). Let G be a finite semisimple group (e.g. S n (n > 4), non abelian simple groups) and ω ∈ H 3 (G, k * ). Since every module category in T (Vec
where k ∈ Z/pZ is a quadratic non-residue. It follows by [14, Proposition 5.7] that the only indecomposable C-module category is C itself, then
Invertible bimodule categories over pointed fusion categories and their tensor product
A group-theoretical fusion category is, by definition, a fusion category Morita equivalent to a pointed fusion category Vec The goal of this section is to describe explicitly bimodule categories over pointed fusion categories and their tensor product in order to provide all ingredients for the reader interested in apply Theorem 1.1 to concrete examples of group-theoretical fusion categories. 7.1. Goursat's Lemma and bitransitive bisets. Recall that, given groups G 1 and G 2 , a G 1 -G 2 -biset is a set X endowed with a left G 1 -action and a right G 2 -action such that h(xk) = (hx)k, for all h ∈ G 1 , k ∈ G 2 and x ∈ X.
We can regard any
It is easy to see that this rule defines an equivalence between the categories of G 1 -G 2 -bisets and left G 1 × G 2 -sets.
A G 1 -G 2 -biset is called transitive if for some (and so for every) Now, we recall the description of the subgroups of a direct product of groups known as the Goursat's Lemma. Let H be a subgroup of G 1 × G 2 . Define
H i are normal subgroups and the map f H :
2 is an isomorphism. Conversely, every subgroup H ⊂ G 1 × G 2 is constructed as a fiber product in the following way: let H j i H i ⊂ G i be subgroups and f H :
Definition 7.2. Let G 1 and G 2 be groups and X a G 1 -G 2 -biset. We will say that X is a bitransitive biset if X is transitive as a right G 2 -set and left
Obviously every bitransitive G 1 -G 2 -biset is transitive as G 1 × G 1 -biset but the conversely is not true.
Let X be a G 1 -G 2 -biset and x ∈ X. We define the left, right and bi-stabilizer subgroups of x as Stab r (x) = {g ∈ G 2 |xg = x}, Stab l (x) = {g ∈ G 1 |gx = x}, Stab bi (x) = {(h, k) ∈ G 1 × G 2 |hxk = x}, respectively. Notice that if H = Stab bi (x) then Stab l (x) = H 2 1 and Stab r (x) = H 2 1 .
Remark 7.3. If X is a bitransitive G 1 -G 2 -set then:
This kind of bisets are called bitorsors.
Let X be a right transitive G 1 -G 2 -biset and x ∈ X. Set H = Stab r (x). We can and will assume that X = H\G 2 as right G 2 -set. Notice that every g ∈ G 1 defines a map g : X → X, y → gy that is an automorphism of right G 2 -sets. The left action is totally defined by the map (−) :
Since we are supposing that X = H\G 2 as right G 2 -set, Aut G 2 (X) ∼ = N G 2 (H)/H. Then, the map (−) defines and is defined by a group morphism π : A right transitive G 1 -G 2 -biset can be identified with a pair (H, π), where H = Stab r (x) and π :
We will denote the coset H by x. By definition Stab r (x) = H. Moreover, Stab l (x) = ker(π) and, therefore Stab l (x) is a normal subgroup. In an analogous way, Stab r (x) is normal if X is bitransitive. The following proposition is a consequence of the previous discussion. 
Conversely, a pair of normal subgroups N 1 G 1 , N 2 G 1 and an isomorphism π :
7.2. Preliminaries on group cohomology. Let G be a finite group, X be a left G-set and ω ∈ Z 3 (G, k * ) a 3-cocycle on G. Denote by C n,m (X ⋊ G, k * ) the abelian group of all maps
in the following way:
-bimodule category is, by definition, a left module category over
A more concrete definition is the following:
-bimodule category then X is a bitransitive biset.
Let X be a G 1 -G 2 -biset and ω i ∈ Z 3 (G i , k * ). Recall that a Vec
-bimodule category is the same that a left Vec
) op -module category. By Proposition 7.5, there is a bijective correspondence between elements in Z 2
and the set of all possible triples (µ l , µ r , µ m ) such that (X, µ l , µ r , µ m ) is a Vec
If X is bitransitive with associated data (N 1 , N 2 , f ) , the bi-stabilizer of X is G 1 × f G 2 = {(g 1 , g 2 )|f (g 1 N 1 ) = g 2 N 2 }. Then, by Proposition 7.5, when H 2
= ∅ there is a bijective correspondence between the set of equivalence classes of module bicategories with underline G 1 -G 2 -biset X and the Schur multiplier H 2 (G 1 × f G 2 , k * ).
7.4. Parametrization of invertible bimodule categories over pointed fusion categories and braided equivalence of twisted Drinfeld doubles. Lemma 7.8. Let G 1 and G 2 be finite groups of the same order and ω i ∈ Z 3 (G i , k * ). Let M(X, µ l , µ r , µ m ) be a Vec Theorem 7.9. Let G 1 and G 2 be finite groups and ω i ∈ Z 3 (G i , k * ). Let M(X, µ l , µ r , µ m ) be a Vec 
is an isomorphism.
Assume that X is bitransitive with data (N 1 , N 2 , f ). Then we can suppose that X = G 2 /N 2 with actions g 1 ag 2 = f (g 1 )ag 2 , for all g 1 ∈ G 1 , g 2 ∈ G 2 , a ∈ X. Considering the exact sequence (8.1) we have that:
1 / / N 1 7.5.1. Equivariantization of semisimple categories. Let M(X, α) be a left Vec G -module category, see Appendix. Let k X be the algebra of functions from X to k. We will denote by {e x } x∈X the basis of k X formed by the orthogonal primitive idempotents. We define the G-crossed product algebra G# α k X , with basis given by {g#e x } x∈X,g∈G and multiplication (g#e s )(h#e t ) = gh#δ s,ht α(g, h; t)e t .
The category of right k X # α G-modules is exactly the category M(X, α) G of G-equivariant object. In fact, if V is a k X # α G-module then V = ⊕ x∈X V x , where V x = {v(1#e x )|v ∈ V }, and the linear isomorphisms
• f (σ, τ x) = α(σ, τ ; x)f (στ, x), for all σ, τ ∈ G, x ∈ X. Thus, (V, f σ := ⊕ x∈X f (σ, x) : σ ⊗ V → V ) σ∈G is an object in M(X, α) G .
Given x ∈ X, we will denote by O(x) the orbit of G in X. If {x 1 , . . . , x m } is a set of representatives, we have
and G# α k O(x i ) are mutually orthogonal bilateral ideals. In order to describe the simple object in M(X, α) G = Rep(k X # α G) we can assume that X = O(x). The map α x := α(−, −, x) : Stab(x) × Stab(x) → k * is a 2-cocycle and, as an easy application of Clifford theory for crossed products (see [19] ), there is an equivalence between the category of right modules of the twisted group algebra k αx [Stab(x)] and the category of right modules of G# α k X . If U is a right k αx [Stab(x)]-module, the action v(e y #σ) = δ y,x v · σ defines a Stab(x)# α k X -module structure and Ind G#αk X Stab(x)#αk X (U ) is the associated G# α k Xmodule. Conversely, if V is a G# α k X -module then V x is a k αx [Stab(x)]-module with action given by (v x )g = (v x )g#e x , for all v x ∈ V x , g ∈ Stab(x). 7.5.2. Tensor product of module categories over pointed fusion categories as an equivariantization. Let C be a fusion category and M a C-bimodule category. The following definition was given in [15] . The center of M is the category Z C (M) where objects are pairs (M, γ), with M an object of M and
